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ABSTRACT 



4 



. The ,author presents an org-an izational . model which * 
exhibit^ relationships among p'reservcie teachers 1 skills in the u$e 
of interpretation of logical connectives in mathematical contexts. 
The model also provides, direction to #&ahcers of courses on 
mathematics and mathematics methods* who seek to ^acquaint their 
students with those notions of logic recommended, by COPM. The^ model 
treats the translation from mathematical statements to logical 
statements, apd conversely. An empirical test has yielded 
considerable support for the model. After a brief description of the 
model and this test, the author discusses implication^ for 
instruction, ^specially as they are related to statements and context 
6f mathematical problems. (M.N) > 
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A Combinational Model for, the Interpretation and Use of 
Propositions in tfje: Content of Elementary Mathematics * 

' Su*ann6 KV Damarin 
y *.f ^- The {Jhio State University 

^ j\ Over a period of several .years mathematics educators haye been interested 
in the ab i 1 i ty of teachers of elementary and secondary school mathematics to 
use prepositional logic. Evidence of t\\\s interest abounds in several forms: 
many programs for preservice training of mathema'tics teachers require course- 
work on elementary logic; a large proportion of elementary teachers 1 textbooks 
on mathematics and mathematics methods include chapters or units on logic. 
Log lie is among the topics with which the Comrfiittee brr v the Undergraduate Pro- 
gram in Mathematics (1971) recommended elementary and secondary teachers of 
mathematics be conversant, and the National Council of Teachers of Mathematics/ 
-in its Guidelines for the Preparation of Teachers (197*0 made a similar recommen- 
dation/ Articles such as the Exner-Hilton debate (Exner 1971, Hilton 1971) 
have appeared in journals devoted to the teaching of mathematics' and research 
on teachers 1 use of .logical connectives (Gregory 1972, Gregory and Osborne 
1975) and their ability to make inferences (Easterday and Henry 1,978, Eisenberg 
andMcGinty 197^, Jansson 1975, Juraschek 1978) has been reported in journals 
devoted to research on' mathematics education. 

However , . there is ample evidence in many of the same sources that while 



logic might be judged important it is not considered "all that important 11 by 
mathematics educators, Although textbooks or programs may include chapters 
or courses on logic, these units^are generally integrated poqrly, if at all, 



with the rerTpinder.of the text mater ia 1 s ; indeed textbooks on mathematics for 
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* -Presented ait the Annua l Meeting . American Educational* Research Association, 
Toronto, Canada, March 31 , 1978 ' ^ 
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elementary teachers frefai/en fly include logic as the last' chapter, thus clearly 

t 

demonstrating the independence' of the preceding material from logic. Eisen- 
berg and McGinty (1975) have examined the contents of textbooks for elementary 
teachers to determine the coverage of logic and concluded that it was generally 
•inadequate. The writer has* examined one popular mathematics textbook (Kelley 
and Richert 1970), coding all uses of logical connectives and concluded that 




.except for a Jew difficult arg6<TTer|/ts (e.g., the Fundamental. Theorem of Arith- 
metic) understanding of d i sj unct i ve „ cohd i t iona 1 , or biconditional connectives 
or constructions is^unnecessary to an understanding of the text content] 
This finding is not entirely inconsistent wttjja the statement 



r 




Committee on* the Undergraduate Program in Mathematics (197b): 

• ( s 

... the elemen/tary notions of logic such as logical 
connectives, legation, and the quatft.i f i^rs shou-l d 
be. tr^|#d^expfl ici tly only after attention has been 



cal lefc^n formal ly ,foihei r uses m other mathema 
tical contexts. IricTirect proofs a^d tfhe use of., 
counterexamples arile naturally and should be,,, 
stressed when the structure of. the number systems 
is examined./ However, in the final stages of an/ 
elementary tfeacher's training it is useful to 
return to logic in a more explicit way v ^ 



However the ability of preservice el'emerttary teachers' 



proof and the use of counterexamples in the absence 




pe wi th ind i rect 

v. ■ 

or tra rn ing on the 

use of promos i t iona 1 ^language and°locfic has been questioned, at least' in-- " 
formally, by many teacher, educators^-chargeci with teaching the structure of 
thja number systems tcs pr-aservice teachers. * 

Perhaps it is 'this nagging question which has sled researchers such as 
Easterday 'and Henry (1978), Eisenberg and McGinty (197*0 , % Jansson (1975) and 
Juraschek (197$) to 'examine^ performance of preservice elementary teachers on 



tests of inference.' Th§ resu 1 ts* of these studies have revealed poar performance 



on i terns invdl v ing , d i s j u'nct i ve, , cond i t ional % 9 and^ b icond i 1 iona 1 s tatemen t^. 
However, It* should be noted th'at the test items used by these researchers did 



not refer to ma tlrema t i ca 1 > concepts or arguments, but rather to familiar objects 



(cars, bikes, sisters, etc). There wou>d appear to be no reason, to belJTeve 
that training such as that recommended by CUPM 'should generalize to the collo- 

* . , , ' > 

quial contexts of 1 thes3 items; nor, conversely, is it Qbvious that per€ormafrc§,,*^ 

L - ./' - b / 

V / ■ T ■ . 

on these items should transfer to mathematical con textaS*Thus the importances 
of these sttfdTes to the concerns of CUPM and others is unclear.' Moreover, even 
if the relevance of these studies is established, »they provide littTe direction 

to the teacher educator. ¥ , 

/. ' ' 

/ "* / 

Purpose , Assumpt ions , and Definitions <*■ 

The purpose of the analyses and studies described below is to construct 

an organ/zat ional model, analogous to a learning hierarchy, which, at once. 

exhibi/ts relationships among preservice teachers 1 skills in the use and 

interpretation of^logical connectives in mathematical contexts, and provides 

di/fedtion to teachers of cours.es on mathematics and mathematics methods who 

seek to acquaint their students with those notions of +Qg>^ recommended by 

CUPM. , ' • ' , \ 

A mejor assumption underlying this effort asserts that one 9f 
^ the principal, factors determining the ability of individuals to use 
and interpret prepositional language in a manner consistent with 
deductive logic, as well as thea?appropr i ateness of that usage, is 
the context in which, the language is presented or requested. The 
context^has at least three aspects: (1) the concepts or phenomena 
with which the^statfements deal ,' (2) the availability of additional 
'information concerning the conce^re or /phenomena , and (3) 'the 
nature of the interpretive task. What is "natural 11 or 1 ingui^s^cal ly 
appropriate in some contexts might be "forma 1 M or even artificial, 
v * as well as JJte^iiist ical ly ijnapprppr ia€e, in other contexts, and vice- 
^ versva. The fundamental relationships between logic and mathematics 
imply an a priori -importance to logic in mathematical contexts; 



< moreover, these /relat ionsh ips lend a I'natural 1 " character to pro- 
positipnal statdfodnts about mathematical concepts. * 

Parts of this as^mption are bolstered by examination of the 
research ITterature on <jie use of logic. Although the effects of 
mathematical vs. honmathemat i ca 1 contexts have not yet been' 
sufficiently s tud ied . se^a£aJ' d i f ferences are apparent when one - 
compares the results' of studies ^"n different contexts. The most 
striking of these concerns the disjunction. Several researchers 
(e.g., Jurashek 1978). using tests concerning nonmathema tical 
concepts or object^ have found strong evidence v that Subjects in- _ 
terpret the word "or" exclusively, in two studies asing mathemac 
tical concepts (set membership^odd and everr numbers)^, on the other 
• hand , 4 .Damar in -(1977a., 1977b) found, that appfo^imately^thi rd of 
. the subjects interpreted "or" incl us i vel y ,^>wlrnTTi^vl f \of tbe sub- 
jects treated "or" as if it were Vand;" no subject Consistently 
treated "or" as an exclusive disjunction. 

/ s~ 
A second assumption is "TEfi^t the importance of /el ementary teachers 1 under- 

standing of logicaf' Qdhnectives is complex. Not only should teachers be able 

to draw, valid inferences, from clearly stated pairs (or strings) of s tatetoen ts 

they 'should also be u able to* translate such statements into other forms such ^s' 

equations, inequal i ties, and 1 i s t i ng^ of truth sets , and conversely . J ndeed ,~ * 

some of these translational abilities are .necessary to the full understanding 

of the statements, "and, therefore, to the consistent drawing of appropriate* 

inferences. The forms in which statements arid their trans fa ti oris are presented 

will be called "presentation modes;"; " : 

^ At least three modes of presenting information qpncerning 

mathematical relations am'ong variables as' they range over dichot- 
omously partitioned sets (e.g y . odd and' even intaaers, zero and. * 
nonzero counting numbers, etc.) can be identified. These three 
presentation modes are* ■"' \ . v . j 

- Log i ca 1 s ta temen ts : Simple statements (p,q) or compound' 
statements in the forms "p and q," "p or q," "if p then \ 
<j," and "p if'and only if q;"\neither p ntfr^q refer 
airectly to mathemat i ca 1' operations . ' 

- Ma thema t i ca 1 s ta temen ts 3 : , Simple statements whose subjects 
are (the results of VTiT^Lthema tical operations?- or state- 

\ ments (e.g. eq^a t ion>sK^xpress ing mathematical relations ' 
between algebraic exm%psions. ^\ t ., ( 




- Sortings of the set of possibilities: Partitions of the 
" set of possible "values 11 (with respect to the* d i chotomous 
partition) of the variables into "true 11 and "false 11 sets. 

Examples ,of these presentation modes ftef s i tuat ions i nvol v ing two variables 

and the partition of the integers into classes of odd and even numbers a^re 



presented in table 1. 



r 



Table 



Presentation of Equivalent information in 3 modes' 
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Mathemat ical 
Statement 



tog i ca 1 
Statement 



Sorting of the rep 1 acement set 



W/ M + N is odd 



M x N is even 

0" ' 



M x N is odd 



M is even if and 
on 1 y i f N is odd 



M i s even or N i s 
even t 
(orY 

I f M is odd, then 
N i s even ' , 

Mis odd and lT i s* 
odd 



Truth set:"- 

[ (M odd, N even) , (M «ven, N odd)] 
Complement: 

[(M odd, N odd), (M even', N even)] 

Truth set: 

[^(M odd, N Wen), (M even, N odd), 
(M even, N even) ] 
Complement: 

[\H odd, N odd)] ■ 

Truth set: 

[ (M odd, N odd)] 

_^ < 



Any piece of i nformat ion which dan be presented in one of these modes can 

« . ... 

also be stated in either of the others; translation from one mode to another is 



:atea^i£ 



frequently a <:ri.tical component pf'i nd i rect proof and of the identification of 



counterexamples. There are six translation tasks which can be ^e^formed among 



the three modes; these ar© identified and named in table 2, 



See next page for Table 2 



. Table 2 

Descriptions of six translation tasks 
« 



r 



Task Name Translation Task \ 



L Given'a logical statement, sort the set of possibilities by 

indicating for 'which possibilities the statement is true. 

• ' £± 

M Given a mathematical statement, sort the set of possibilities 

by indicating for which possibilities -the **fcatemen t is true. 

■> 

LM Grven a logical statement select an equivalent mathematical 

state'ment. 

ML Given a mathematical -statement select an equivalent logical 

* statement. ^ 

' ; < L \ / 

L 1 Given a sorting of the set of possibilities select a logical 

statement describing^the 'true set. / * 



• s 



M 1 Given - a sorting of the set of possibilities select matfhe 



^matical. statement describing the true set.. • J 



tiajfh 



Questions concerning the relatiohsh ips among these tisks an'd between these 

tasks and the inference process can be pos-ecj- at many levels. Are these transla- 

' • * l ■ 

tions constituent parts of the inference process? Do some trans 1 at Wns occur 

as mparts of others? For example, does performance of translation LM consist 
of performing ^irst^L and then M 1 ? Can individuals who can perform one trans- 
lation also perform its reverse? Can translation LM be perYormed by persons 
who cannot^ perform translation L? ^yqierous other questions n^ght be addressed. 

^ It is not the purpose here to address the question, of whether the trans- 
lat ion processes out 1 ined above, are actually involved In the cognitive pro- 
cessing of statements and the extraction of inferences from them. Rather the 
point of view adopt«f--4^t^t' ind ividqa^s dpaw infc^p§nces ^on the bastes of thefr - 
^ understand ings of the meanings of statements , ( and* that the depthvof understanding 

7 • 
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is related to the ab'ility to translate the statement to* equivalent statements 
In, the 'same mode or in other modes. Moreover, systematic errors in inference' 
can be bxplaified by misunderstandings which are revealed in systematic transla- 
tion" errors. The model, described below is tha^-efo re' posed, qot ^as a ^p otential 
model for the actual cognitive processing of 5 tatemen ts , v bift rather as a mod 



of the organization of ski 1 1 s. related to the understanding of, translation of, 
and (inference from statements about mathematical concepts and variables. 1 




* J^e Model 



rep lacemen L set 

;/ • A 

stand ?nq which i 



The understanding of mathematical arguments, proof, and counterexample is 

dependent^ upon the understanding of mathemat i ca 1 statements, understanding of ' 

... • • i x 

. logical statements, and th^ ab i 1 i ty. tcTmake translations and comparisons back 

and forth between logical and mathematical modes. n *s 

Che understanding of statements in each modq-has' two- aspects .% " interpret ifre 

■ understanding which i^ operationally defined^ th$*ab i 1i ty td ^art'ition the 

into the tr'uth set and i t£ complement,- and constructive under - u 

rs the ability to use the statement to describe' the appropriate 
! ' \ ■ 

sorting for the replacement set. The ability to make translation L or M listed 

r < - \ 

in table 2 is indicative of interprefive^unde'rstanding of tfre given statement, 

while the ability to make translation or M 1 reveals ^constructive under-, 

standing. . ^ „ » * «. ' ' 

»■ Translation from a (nathematical statement -to a logical statement requires 

interpretation of the mathematical statement and construction of the logical 

statement frorp^he interpretation. An analogous pair of operalp'ons is required 

for translation! from a logical to a mathematical statement. Using the operation 

names ^ss igned in table 2, ML, translation tfrom a^m&thematicar to an equivalent* 



logical jUatement is modelled as the , compos j te of skills M arid-Ll .'Similarly 
UT'ls modelled as the composj te of skills L and M 1 . Figure 1 below illustrates 
the model. In th^ absense of research evidence establishing relationships 

between or among L, L 1 , M, and M 1 , these skill's are. cons idered to be indepen- . 

-*> / '. 

dent of each other. On the basis of^the.a prjor i- janal ys i s above, LM is con-, 
^idered 'as and ML as M*L 



TV 




i-M = L-*M' 
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Empi i^ical Stud ies : Support for the Model — ■ 

A number of investigations relatedoto this model have been conducted' 
using populations of preserVice elementary teachers (Damar irTl976,, 1977a, 
1977b, JS)78, to appeSr). These studies have shown that L and L 1 , interpretive 
and constructive understanding of logical, statements about mathematical 
"variables are dis'tinct abi pi ties' wi/t^i constructive understanding being more 
preva lent' among the. population than interpretive understanding (l976,^to 
appear) . Trans lation from mathematical to logical statement is correspondingly 
easier for the population, than the converse tranil actions. Interpretive and 
gonsfructive understanding of the mathematical statements tested were correlated 
i jn this population. " - r° 



1. 



er|c. 
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, -The hypothesijs that the ab i.l i ty ft to traasl^ftf from a mathematical to a 
logfcal sta teftient/ i s dependent upon the interpretive understanding of the 
maihemati'cal statement and the constructive understanding of the logical 

' •.' - ^ ' ;; • ^ * v ' ' 

statement. was supported. However the 1£i ff icu-lfy of both the test of inter- 
pretative understanding of logical statements 3nd\the test for translation 
from logical to /mathemat i ca 1 statements precluded drawing any conclusion / 
except that the^a skills are rare in tfhe population 

/ ■ ' 1 ** * 

Emp i r i c jfl Stud ies> : Find inqs related tq interpretive and constructive under - 
standing of logical "statements . Two Sadies ( 1977a 1977b) revealed that 
fi^servi^&--T2^ementary teachers* interpret bh^h^cond i t^iona/1 and biconditional 
statements about 'ntathemati^al - concepts *in the same way'they interpret * con 
junct ions, .that is / the only member of the rep lacement set ass igne<d to the 
."truth set is the element satisfying both pimple statements. s The s^fl^e Studies 
showed thai: si ightly le^s than one-third of the preseryice elementary teachers 
tested interpreted the connective "or 11 ,- as an inclusive disjunction; and more 
than f/Orty percent as a conjunction (the remainder v^ere Inconsistent in their 
responses). Response patterns on tests of constructive understanding were. ^ 
^^-qbs^rved to be similar but less we 11 -defined (1978). / ^1 "/ ' 

^ Because* the evidence concerning interpretation -of "or" stands *in stark 
contrast to the findings of other researchers (Eisenberg and McGinty 197^, 



-Jansson J975> Juraschek .1 978) who usecf inference tests in non-mathematical 
Contexts 1 , .an -attempt was made to determine whether the context of statements 
determined the interpretive understanding of ^the word "or. 11 */ ^Damar.in to 
, appear). Inference items^and interpretive understand ing i terns werosjcons tAictted 
,in mathemat icaT, technical-scientific, and familiar content areas yielding six 

' ■ ' / ■ x - v , . • • • ' 

- JO" ' , • • 
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tests.* Wh^n tesfcs were randomly ordered and administered to preservice elemeor 
: tary v teachers <}t was found" that these subjects were more, likely to itjake'ln- ^ 
elusive disjunctive interpretations or conjunctive i nt« rpre'tat iorfs of "or 11 
■ , on - both j nter P ret J v e an <* inference tests when statements dealt with rnathema-. v 
tics than when ^tatemepts were, drawn from the othe^contexts.^ An order effect, 
vteas also apparent in the data^Owever; after , some illcohs istency on the. first , * 
several items many subjects 'tended to settle 'on s in^le ,in terpritat ion of 



'or'^ and use it on the- remaining i terns regardless of context, y 
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